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It is established that the maximum number of points required to puncture 3n 
sets of probability 2/3n is 2n, as had been conjectured. In fact, for 1 Q m < n, 
a family of m sets of probability 2/n can be punctured using no more than 
min(m, [(n + m)/3]) points. The more general statement that (k + 1)n sets of 
probability k/(k + 1)n require at most 2n points for puncturing is shown to be 
false already for k = 3. 
The specification of a probability space (Q, 9?, P) and of n events 
Ei E 9’ with P(Ei) = p, i = I,..., n, will be called an (n, p)-system. A set of 
points in Q is said to puncture such a system if each Ei contains at least 
one of the points. For each (n,p)-system the sets puncturing it have a 
minimum cardinality not exceeding n. Denote by g(n, p) the maximum, 
over all (n, p)-systems, of this minimum [2]. 
We prove the following conjecture of P. ErdGs. 
THEOREM. For n E Z+, g(3n, 2/3n) = 2n. 
The maximum can certainly not be less for generally (k + 1) n sets of 
probability k/(k + 1) n require at least 2n points as can be seen by dividing 
(k + 1) n points of probability l/(k + 1) n into n groups of k + 1 and 
considering in each group the k + 1 sets of k points. However, this is 
not the worst case for general k. For instance, for k = 6, n = 10, consider 
35 points of probability l/35 divided into 7 groups of 5. In each group 
take the 10 sets of 3 points. Puncturing requires 3 points per group or 21 
points while 2n = 20. 
However, for k = 2, the bound is sharp by virtue of the following 
lemma. 
LEMMA. For m, n integers, 1 < m < n > 1, one has 
g (4 i) < min (m, [*I). 
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Proof. The assertion is easily verified for small n. Assume it holds up 
to n - 1 and all m. It certainly holds for n with m < n/2 since the mini- 
mum is then m. Assume, with n fixed, that it holds up to m - 1. To com- 
plete the induction consider 4 cases. 
Case I. There is a point belonging to 3 (or more) sets. Then, punc- 
turing at this point, one is left with m - 3 sets of probability 2/n which, 
by the second induction hypothesis, can be punctured using 
min (m - 3, [ Iz + y - ?]I < min (m, [*]I - 1 points, 
verifying the assertion. 
Case 2. No point belongs to more than 2 sets and there is a set which 
does not meet any other. Then, puncturing this set and renormalizing on 
the complement, one is left with m - 1 sets of probability 2/(n - 2). If 
one had m = n, then an overlap of 3 of these sets would be unavoidable, 
but is ruled out. Hence m < n or m - 1 < n - 2, and, by the first 
induction hypothesis, the m - 1 sets can be punctured by 
min (m - 1, [‘” - 2, f (m - ‘)]I = min (m, [-I j - 1 points, 
verifying the assertion. 
Case 3. There is a set which meets just one other set. Then puncturing 
this overlap one is left after renormalization with m - 2 sets of probability 
2/(n - 2). Note that m - 2 < n - 2 and that the argument of case 2 
applies a fortiori. 
Case 4. No point belongs to more than 2 sets and each set has inter- 
sections of positive probability with at least two other sets. (Since the 
worst case is sought all null sets must be presumed empty.) The situation 
is described by a graph of m vertices corresponding to the m sets with 
edges joining sets with intersection of positive probability. Each vertex has 
degree at least 2. We show that among the edges we can find [2m/3] or 
fewer such that their endpoints cover the m vertices. Puncturing the 
corresponding intersections will verify the lemma, as 2m < n + m. 
Observe that any (n,p)-system induces, via the vector of characteristic 
functions of the n sets, a probability distribution on (0, l}” and that any 
distribution on (0, 11” which assigns probability p to each of the n faces of 
this cube corresponding to the n sets can be obtained in this way. The 
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puncturing possibilities depend solely upon the support of this distribution 
and one need only consider distributions with support minimal under 
inclusi0n.l 
Among all graphs that can arise in case 4, one need only consider those 
that are minimal with respect to inclusion of the set of edges. This implies 
that no even cycles can exist, for perturbing the probabilities of the cor- 
responding intersections by +E and --E alternately along the cycle, both 
the total probability on (0, 1;” and that of each set (face) are preserved, a 
situation achievable without increasing the support of the distribution on 
(0, l}“. Then E can be increased until an intersection reaches zero proba- 
bility. This deletes an edge, either contradicting minimality or producing 
a vertex degree < 2 to which case 2 or 3 applies. 
The same argument applies to two odd cycles having a vertex in common 
by operating on the eight-shaped even cycle that they form. 
No two vertices can be joined by 3 vertex-disjoint paths for if the lengths 
were a, b, c, then a + b, b + c, and c + a would have to be odd while 
their sum is even. Thus there are no interlocking cycles. 
Consider a connected component of the graph. By the degree condition, 
it contains at least one cycle. If it contained 2 cycles, they would have to 
be odd and vertex disjoint. Consider a path linking the two cycles. Per- 
form variations of f~ of the probabilities of the edges in the two cycles 
and 52~ of the edges on the path. The signs can be chosen such that the 
total probability and that of each set are conserved. Thus E can be increased 
until an edge is eliminated. This implies that each component of a minimal 
graph is just an odd cycle. Any cycle can be spanned by at most 213 of its 
edges which implies that the entire graph can be spanned by at most 
2m/3 edges. 
This completes the proof of the lemma and establishes the theorem. 
Thus we have shown that g(n, 2/n) < 2n/3. If g(nl , pl) and g(nz , pz) are 
attained for 2 systems; one can mix these systems with probabilities 
P~/(P, + ~~1, PJ(P~ + p2) to obtain an (al + n2 , AP~/(P~ + p2N-wtem 
requiring g(n, , pr) + g(nz , pz) points for puncturing. Hence 
gh + It2 > PIP2Ih + P2N 2 gh 3 Pl) + An2 > P2> 
1 These minimal distributions correspond to extreme points of the intersection of the 
simplex of probability vectors on {0, l}” with n hyperplanes. By Dubins’ theorem [3], 
these points are convex combinations of at most n + 1 extreme points of the simplex. 
Thus a minimal support has cardinality at most n + 1. 
Note also that g(n,p) has the following alternative interpretation: If  card S = n 
and a probability distribution on the power set of S assigns a total probability p to 
all subsets containing any given point of S, then S can be covered with at most g(n, p> 
subsets of positive probability. 
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and by induction for at E Z+ (i = l,..., m), 
A counterexample to g(n, k/n) < 2n/(k + 1) was given above for k = 6. 
When it is mixed with triangular (3, 2/3)-systems achieving g(3,2/3), a 
counterexample for k = 5 is obtained. For k = 4, Kleitman [I] has 
observed that if 7 points of probability l/7 are given, one may select 7 
sets of 4 points whose complements form a Steiner system, they require 
3 points to puncture. Thus g(7,4/7) 3 3 > 14/5, providing a counter- 
example for k = 4. Applying (*) with a, = 7, n1 = 3, p1 = 213, a, = 6, 
n2 = 7, p2 = 417, and m = 2 gives g(63, 3163) > 32 > 6312, providing 
a counterexample for k = 3. 
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